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Abstract
The nucleon pair shell model (NPSM) is casted into the so-called M-scheme for the cases with
isospin symmetry and without isospin symmetry. The odd system and even system are treated on
the same foot. The uncoupled commutators for nucleon-pairs, which are suitable for M-scheme, are
given. Explicit formula of matrix elements in M-scheme for overlap, one-body operators, two-body
operators are obtained. It is found that the cpu time used in calculating the matrix elements in
M-scheme is much shorter than that in the J-scheme of NPSM.
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I. INTRODUCTION
Collective motions in nuclei, such as collective vibration, collective rotation, backbending
phenomenon, giant resonances, etc. of medium and heavy nuclei, are extremely important.
How to describe the collective motions of nucleus is a fundamental problem in the nuclear
structure theory. Since nuclear shell model[1, 2] includes all the degrees of freedom, it
can be used to describe the collective phenomena technically[3]. With the development
of the computer, the shell model Hamiltonian can be diagonalized in the model space up
to about 1010[4]. But even for medium and heavy nuclei, the shell model space is about
1014 − 1018[5], and the modern computer fail for all of these cases. Therefore, to apply the
shell model theory to medium and heavy nuclei, an efficient truncation scheme is necessary.
The interacting boson model (IBM)[6] made a great success in nuclear structure theory[7–
12], in which the valence nucleons pairs are treated as s bosons (with angular momentum J
= 0) and d bosons (with angular momentum J = 2). The vibrational spectrum, rotational
spectrum and γ-unstable spectrum are corresponding to the U(5), SU(3) and SO(6) limits
in the IBM.
In 1993, a new technique, the generalized wick theory has been proposed to calculate
the commutators for coupled operators and fermion clusters by Chen et al.[13, 14]. Based
on this new technique, a nucleon pair shell model (NPSM) has been proposed[15], in which
the building blocks of the configuration space are constructed by nucleon-pairs instead of
the single valence nucleons. Because of the success of the IBM, the shell model space was
truncated to the SD pair subspace, which is the so-called SD-pair shell model(SDPSM).
Previous works show that the collectivity of the low-lying states can be described very well
in the SDPSM[16–19]. The quantum phase transition and the properties of the critical point
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symmetry can also be reproduced very well in the SDPSM[20]. In 2000, new version of the
NPSM was given by Zhao et al.[21], in which the odd and even systems can be treated on
the same foot. The NPSM was extended to include isospin symmetry in Ref. [22, 23]. The
formalism in the NPSM with particle-hole coupling was also developed[24]. However, due
to the cpu time in calculating the matrix elements increase drastically with the number of
nucleon pairs, the maximum number of nucleon-pairs that the NPSM can handle is 5[25] for
identical nucleons system. Therefore, an efficient method to calculate the matrix element is
necessary in the NPSM.
In general, the shell model basis are constructed in the so-called J-scheme[26] or the M-
scheme[27]. Most of the large-scale shell model basis are constructed in M-scheme, since it
does not need to calculate the 9j symbols and coefficients of fractional parentage[28]. The
old versions of the NPSM is constructed in J-scheme, and one has to re-couple and sum over
all of the intermediate quantum numbers in calculating the matrix elements. This procedure
is too time consuming. Because of the advantage of the M-scheme, it is interesting to cast
the NPSM in the M-scheme, and this is the aim of this paper.
The paper is organized as follows. In Sec.III, the NPSM in M-scheme for the case without
isospin symmetry are given; the NPSM in M-scheme for the case with isospin symmetry are
presented in Sec.IV, and a brief summary and discussion are given in Sec.V.
II. THE HAMILTONIAN, E2 TRANSITION OPERATOR AND M1 TRANSI-
TION OPERATOR
As in the J-scheme, we still use a Hamiltonian consisting of the single-particle energy
term H0, and a residual interaction containing the multipole pairing between like nucleons
and the multipole-multipole interaction between all nucleons,
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H =
∑
σ=pi,ν
(H0(σ) + V (σ)) +
∑
t
κtQ
t
pi ·Qtν , (1)
H0(σ) =
∑
a
ǫanˆa, V (σ) =
∑
s
GsσA
s† · As +
∑
t
ktσQ
t ·Qt,
Qt =
n∑
i=1
(ri)
tYt(θiφi),
where ǫa and nˆa are the single-particle energy and the number operator respectively, and
the pair creation operator is
As†ν =
∑
cd
y0(cds)
(
C†c × C†d
)s
ν
. (2)
Notice that the structure coefficients y0(cds) depend on the Hamiltonian to be used and are
in general different from those in the building blocks, y(cds), in Eq. (8).
The second quantized form of Qt is given by Eq.(13) with the coefficients q(cdt) equal to
q(cdt) = (−)c− 12 ĉd̂√
20π
Ct 0
c 1
2
,d− 1
2
∆cdt〈Nlc|rt|Nld〉, (3)
∆cdt =
1
2
[
1 + (−)lc+ld+t] ,
where N is the principal quantum number of the harmonic oscillator wave function, such
that the energy is (N + 3/2)~ω0 and lc and ld are the orbital angular momentum of the s.
p. levels c and d, respectively.
The general form of the two-body realistic interaction in shell model as shown in the
following can also use in this algorithm.
V =
∑
JT
∑
j1≤j2, j3≤j4
VJT (j1j2j3j4)√
1 + δj1j2
√
1 + δj3j4
(
AJT †(j1j2)× AJT (j3j4)
)0
(4)
The E2 and M1 transition operators are
E2 = epiQ
2
pi + eνQ
2
ν ,
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T (M1) = T (M1)pi + T (M1)ν , T (M1) =
√
3
4π
(glL+ gsS), (5)
where epi and eν are effective charge of the protons and neutrons, while gl and gs are the or-
bital and spin effective gyro-magnetic ratios. The total orbital angular momentum operator
L and total spin S can be identified with collective dipole operators,
Lσ ≡ Q1σ =
∑
cd
q(cd1)P 1σ (cd),
Sσ ≡ Q′1σ =
∑
cd
q
′
(cd1)P 1σ (cd) (6)
with
q(cd1) = (−1)l+1/2+d
√
l(l+1)
3
cˆdˆlˆ


c d 1
l l 1
2

 ,
q
′
(cd1) = (−1)l+1/2+c 1√
2
cˆdˆ


c d 1
1
2
1
2
l

 . (7)
III. NPSM IN M SCHEME WITHOUT ISOSPIN SYMMETRY
In this section, the uncoupled commutators, matrix elements for one-body operator and
two body operator for the case without isospin is given in M-scheme. The odd system and
even system are treated on the same foot.
A. Uncoupled commutators for nucleon pairs
As in the old version of the NPSM, the collective nucleons pair with angular momentum
r and projection m, designated as Ar†ν , is built from many non-collective pairs A
r
ν(cd)
† in
the single-particle orbits a and b in one major shell,
Ar†m =
∑
ab
y(abr)Ar†m(ab) (8)
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where y(abr) are structure coefficients satisfying the symmetry
y(abr) = −(−)a+b+ry(bar) (9)
Non-collective pair Ar†m(ab) is
Ar†m(ab) = (C
a† × Cb†)rm =
∑
ma,mb
Crma,ma,bmbC
a†
maC
b†
mb
(10)
where Cj†m is a single particle creation operator, which create a nucleon in j orbit with
projection m, and Crma,ma,bmb is a Clebsch-Gordan coefficient. The time-reversed form of the
single annihilate operator Cjm is
C˜jm = (−)j−mCjm (11)
The time-reversed form of a collective pair is
A˜rm =
∑
ab
y(abr)A˜(ab) (12)
= −
∑
ab
y(abr)(C˜a × C˜b)rm
A multipole operator or one-body operator Qtσ is denoted by
Qtσ =
∑
cd
q(cdt)(Cc† × C˜d)tσ (13)
q(cdt) = −(−)c+d × q(dct)
The coupled commutators between two collective pairs is denoted as
[A˜r, As†]tσ =
∑
αβ
Ctσrα,sβ[A˜
r
α, A
s†
β ] (14)
Some crucial coupled commutators in the NPSM, taken from Ref.[13], are listed in the fol-
lowing. The coupled commutator between colective pair annihilation operator and colective
pair creation operator is given by
[A˜r, As†]tσ = 2rˆδrsδt0
∑
ab
y(abr)y(abs)− P tσ (15)
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where P tσ is a new one-body operator.
P tσ = 4rˆsˆ
∑
abd
y(abr)y(bds)


r s t
d a b

 (C
d† × C˜a)tσ (16)
The coupled commutator for collective pair and multipole operator would be given by,
[A˜r, Qt]r
′
m′ = A˜
r′
m′ (17)
where A˜r
′
m′ is a new colective pair annihilation operator, which is
A˜r
′
m′ =
∑
ad
y′(dar′)A˜r
′
m′(da) (18)
y′(dar′) = z(dar′)− (−)a+d+r′z(adr′),
z(dar′) = rˆtˆ
∑
b
y(abr)q(bdt)


r t r′
d a b


By using Eq.(15) and (17) the coupled double commutator can be obtained,
[
Ari,
[
Ark , As†
]t]r′i
= Br
′
i (19)
where Br
′
i is a new collective pair,
B
r′i =
∑
aa′
y′(aa′r′i)A˜
r′i(aa′) (20)
y′(aa′r′i) = z(aa
′r′i)− (−)a+a
′+r′z(a′ar′i),
z(aa′r′i) = −4rˆirˆksˆtˆ
∑
bb′
y(a′b′ri)y(abrk)y(bb
′s)×


rk s t
a b′ b




ri t r
′
a a′ b′


where tˆ =
√
2t + 1. And the coupled commutator between single particle and one-body
operator was given by eq.(2.11a) in Ref.[21], which is
[C˜j , Qt]j
′
m′ = (−)t−j−j
′
q(j, j′, t)
tˆ
jˆ′
C˜r
′
m′ (21)
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The uncoupled commutator for nucleons pairs, which can be used to constructed the
NPSM in M-scheme, are obtained from the coupled commutators, which is
[Arµ, A
s†
ν ] (22)
=(−)r−µ
∑
αβ
δ−µαδνβ[A˜
r
α, A
s
β]
=(−)r−µ
∑
tσ
Ctσr−µ,sν[A˜
r, As†]tσ
Based on Eqs.(15)-(21), the uncoupled commutators in M-scheme can be obtained. The
uncoupled commutator between colective pair annihilation operator and colective pair cre-
ation operator is given by
[Arµ, A
s†
ν ] (23)
=(−)r−µ
∑
tσ
Ctσr−µ,sν[A˜
r, As†]tσ
=2δr,sδµ,ν
∑
ab
y(abr)y(abr)− (−)r−µ
∑
tσ
Ctσrµ,sνP
t
σ
where P tσ is a new one-body operator, which is given in Eq.(16). The uncouple commutator
for collective pair and one-body operator would be given by,
[Arm, Q
t
σ] (24)
=(−)r+m
∑
r′m′
Cr
′m′
r −m,tσ[A˜
r, Qt]r
′
m′
=
∑
r′m′
A
r′
−m′
where Ar
′
−m′ is a new collective pair, which is
A
r′
−m′ =
∑
ad
y′(dar′)Ar
′
−m′(da) (25)
y′(dar′) = z(dar′)− (−)a+d+r′(adr′),
9
z(dar′) =rˆtˆ
∑
r′m′
(−)r+r′+m−m′Cr′m′r −m,tσ
∑
b
y(abr)y(bdt)


r t r′
d a b


By using Eq.(23) and (24) the uncoupled double commutator can be obtained,
[
Arimi ,
[
Arkmk , A
s†
m
]]
(26)
=(−)rk+ri−mk−mi
∑
tσ
r′m′
Cr
′m′
ri−mi,tσC
tσ
rk−mk,sm
[
A˜ri ,
[
A˜rk , As†
]t]r′
m′
=
∑
r′m′
B
r′
−m′
where Br
′
−m′ is a new collective pair, which is
B
r′
−m′ =
∑
aa′
y′(aa′r′i)A
r′
−m′(aa
′) (27)
y′(aa′r′i) = z(aa
′r′i)− (−)a+a
′+r′z(a′ar′i),
z(aa′r′i) = −4rˆirˆksˆ
∑
tσ
tˆ(−)rk+ri+r′−mCr′m′ri−mi,tσCtσrk−mk ,sm
∑
bb′
y(a′b′ri)y(abrk)y(bb
′s)
×


rk s t
a b′ b




ri t r
′
a a′ b′


By using Eq.(24) recursively, the uncoupled double commutator between pair annihilation
operator and multipole-multipole interaction operator can be obtained, which is
∑
σ
(−)σ
[[
Arm, Q
t
σ
]
, Qt−σ
]
(28)
=
∑
r′
(−)r−r′ rˆ
′
rˆ
A
r
m
where Arm is a new collective pair, which is given by,
A
r
m =
∑
ab
y′(abr)Arm(ab) (29)
y′(abr) =
[
h(abr)− (−)a+b+rh(bar)]
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h(abr) = 2rˆ′rˆ(2t+ 1)
∑
dd0
y(dd0r)q(d0bt)q(dat)


r t r′
b d d0




r t r′
d b a


The uncoupled commutator between single nucleon annihilation operator and one-body
operator can be expressed as,
[Cjm0 , Q
t
σ] (30)
=−
∑
j′m′
(−)t−σCj′m′j −m0,tσ
tˆ
jˆ′
q(jj′t)Cj
′
−m′
And the uncoupled double commutator for single nucleon can also be obtained, which is[
Cjm0 ,
[
Arkmk , A
s†
m
]]
(31)
=
∑
tσ
r′m′
(−)rk+j−mk+m0Ctσrk −mk,smCr
′m′
j −m0,tσ
[
Cj ,
[
Ark , As†
]t]r′
m′
=4
∑
tσ
r′m′
(−)rk+t−mCtσrk −mk,smCr
′m′
j −m0,tσ
rˆksˆtˆ
rˆ′
∑
b
y(r′brk)y(bjs)


rk s t
j r′ b

C
r′
−m′
By recursive applications of Eq.(30), we can obtain the uncoupled double commutator be-
tween single nucleon operator and multipole-multipole interaction operator, which is
∑
σ
(−)σ
[[
Cjm0 , Q
t
σ
]
, Qt−σ
]
(32)
=
∑
j′
(−)j−j′ 2t+ 1
2j + 1
q(jj′t)q(j′jt)Cjm0
B. commutators in M-scheme
The odd system with 2N +1 nucleons and even system with 2N nucleons are treated on
the same foot. The creation operator coupled successively to the total angular momentum
projection M is designated by
A†(r0m0, . . . , rNmN )M = A
r0†
m0
· Ar1†m1 . . . ArN†mN , M =
N∑
i=0
mi (33)
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with the convention that
Ar0†m0 =


1 for even system, m0 ≡ 0
Cr0†m0 for odd system, r0 ≡ j
(34)
The annihilation operator AM is defined as following
A(r0m0, . . . , rNmN)M = A
r0
m0
· Ar1m1 . . . ArNmN , M =
N∑
i=0
mi (35)
the convention of Ar0m0 is similar to that of Eq.(33). Then one can get the commutator
between the annihilation operator AM and pair creation operator, which is
[A(r0m0, . . . , rNmN )M , A
s†
m] (36)
=
N∑
k=1
[
ϕδrk,sδmk ,mA(r0m0, . . . , rk−1mk−1, rk+1mk+1, . . . , rNmN )M−m
+
0 or 1∑
i=k−1
∑
r′im
′
i
A(r0m0, . . . , r
′
im
′
i, . . . , rk−1mk−1, rk+1mk+1, . . . , rNmN )M−m
+
∑
tσ
P tσ × A(r0m0, . . . , rk−1mk−1, rk+1mk+1, . . . , rNmN)M−mk
]
where ϕ = 2
∑
ab
y(abrk)y(abs), the summation runs over i is from k-1 to 0 or 1, corresponding
to the odd system or even system respectively, A
r′i
m′i
represents a new collective pair (i 6= 0)
or a single nucleon (i = 0),
A
r′i
m′i
=
[
Arimi ,
[
Arkmk , A
s†
m
]]
(37)
the explicit form of the new pair has already been given in Eq.(26) and (31), and P tσ has
been given in Eq.(23). Using Eq.(36), we have the commutation relation between pairing
interaction and the annihilation operator AM ,
[A(r0m0, . . . , rNmN )M , A
s† · As] (38)
=
N∑
k=1
[
ϕδrk,sδmk ,mA(r0m0, . . . , smk, . . . , rNmN)M
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+
0 or 1∑
i=k−1
∑
r′im
′
im
A(r0m0, . . . , r
′
im
′
i, . . . , rk−1mk−1, rk+1mk+1, . . . , rNmN , sm)M
+
∑
tσm
P tσ × A(r0m0, . . . , rk−1mk−1, rk+1mk+1, . . . , rNmN , sm)M−mk+m
]
The commutator between one body operator and the annihilation operator AM is ob-
tained,
[A(r0m0, . . . , rNmN )M , Q
t
σ] (39)
=
0 or 1∑
k=N
∑
r′
k
m′
k
A(r0m0, r1m1, . . . , r
′
km
′
k, . . . , rNmN )M−σ
where summation runs over k is from N to 0 or 1, corresponding to odd system or even
system, respectively, and A
r′
k
m′
k
represents a new collective pair (k 6= 0) or a single nucleon
(k = 0),
A
r′
k
m′
k
= [Arkmk , Q
t
σ] (40)
the explicit forms of the new pair have already been given in Eq.(24) and (30).
The commutator between multipole-multipole operator and the annihilation operator AM
is
[A(r0m0, . . . , rNmN)M ,
∑
σ
(−)σQtσQt−σ] (41)
=
0 or 1∑
k=N
[
A(r0m0, r1m1, . . . , (rkmk)B, . . . , rNmN)M
+
0 or 1∑
i=k−1
∑
r′im
′
i
r′
k
m′
k
∑
σ
(−)σA(r0m0, r1m1, . . . , r′im′i, . . . , r′km′k, . . . , rNmN )M
+
∑
σ
∑
r′
k
m′
k
(−)σQt−σ ×A(r0m0, r1m1, . . . , r′km′k, . . . , rNmN )M−σ
]
where summation range over k(i) is from N(k − 1) to 0 or 1, corresponding to odd system
or even system respectively, and r′km
′
k(r
′
im
′
i) represent for a new collective pair (k 6= 0) or a
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single nucleon (k = 0),
A
r′
k
m′
k
= [Arkmk , Q
t
σ] (42)
A
r′i
m′i
= [Arimi , Q
t
−σ]
the explicit form of new pair have already given in Eq.(24) and (30). (rkmk)B denote a new
collective pair (k 6= 0) or a single nucleon (k = 0) obtained by uncoupled double commutator,
(
Arkmk)B =
∑
σ
(−)σ
[[
Arm, Q
t
σ
]
, Qt−σ
]
(43)
(Ar0m0)B =
[
Cjm0 ,
[
Arkmk , A
s†
m
]]
the explicit results have been given in Eq.(28) and (32).
C. Matrix elements of overlap and interactions
An N -pair or N -pair plus one single nucleon state in m-scheme is designated as
|α,MN > = |r0m0, r1m1, . . . rNmN ;MN 〉 (44)
≡ A†(r0m0, r1m1, . . . rNmN )|0〉
where r0m0 represents 1 in even particle number system or a single nucleon in odd particle
number system, α denotes the additional quantum numbers
α = (r0m0, . . . , rN , mN ) (45)
It is interesting to note that α is redundant, since it’s already been included in the total
projection number M .
For proton-neutron coupled system, the basis are constructed by coupling the protons
and neutrons to the state with total projection number M ,
|α,MnMp;M〉 = |αp,Mp〉|αn,Mn〉 (46)
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The overlap between two states is a key quantity, since the matrix elements of one-body
and two-body interaction can all be expressed as a summation of the overlaps. From Eq.(36),
we can get the overlap between two states,
〈0|AM1A†M2 |0〉 ≡ 〈r0µ0, r1µ1, . . . rNµN ;M1|s0ν0, s1ν1, . . . , sNνN ;M2〉 (47)
=
N∑
k=1
[
2
∑
ab
y(abrk)y(absN)δrk,sNδµk ,νN
× 〈r0µ0 . . . rk−1µk−1, rk+1µk+1 . . . rNµN ;M1 − νN |s0ν0 . . . sN−1νN−1;M2 − νN 〉
+
0 or 1∑
i=k−1
∑
r′
i
µ′
i
× 〈r0µ0 . . . r′iµ′i . . . rk−1µk−1, rk+1µk+1 . . . rNµN ;M1 − νN |s0ν0 . . . sN−1νN−1;M2 − νN〉
]
One can see that although the overlap is still calculated recursively, the most time consuming
factor, the re-coupling of the angular momentum, is not needed. The summation over the
projection µ′i of the new pair is redundant, since it is a constant value µi + µk − νN . The
overlap for one pair state in M-scheme is same as that in J-scheme, which is
〈r1µ1|s1ν1〉 = 2δr1,s1δµ1,ν1
∑
ab
y(abr1)y(abs1) (48)
The overlap for one pair plus one single nucleon is given as following,
〈r0µ0, r1µ1|s0ν0, s1ν1〉 (49)
=2δr1,s1δµ1,ν1δr0,s0δµ0,ν0
∑
ab
y(abr1)y(abs1)
+ 4rˆ1sˆ1
∑
JM
CJMr0µ0,r1µ1C
JM
s0ν0,s1ν1
∑
a
y(as0r1)(ar0s1)


s1 r0 a
r1 s0 J


where r0(s0) denote the single nucleon, and the summation over projection M is redundant,
and it should be µ0 + µ1.
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The matrix elements of a pair creation operator As†ν between two states differing by one
pair is equal to an overlap,
〈r0µ0, . . . , rNµN |As†ν |s0ν0, . . . , sN−1νN−1〉 (50)
=〈r0µ0, . . . , rNµN |s0ν0, . . . , sN−1νN−1, sν〉
Using Eq.(38), the matrix elements for the pairing interaction can be written as
〈r0µ0, r1µ1, . . . rNµN ;M |As† · As|s0ν0, s1ν1, . . . , sNνN ;M〉 (51)
=
N∑
k=1
[
ϕδrk,sδµk ,ν〈r0µ0 . . . sµk . . . rNµN ;M |s0ν0 . . . sNνN ;M〉
+
0 or 1∑
i=k−1
∑
r′iµ
′
im
〈r0µ0 . . . r′iµ′i . . . sm . . . rNµN ;M |s0ν0 . . . sNνN ;M〉
]
where the summation over the projection m in the second term represents the projection of
pairing interacting
∑
m
As†mA
s
m, and the summation over the projection µ
′
i of the new pair is
redundant, it should be a constant value µi + µk −m.
By using Eq.(39), the matrix element of one-body operator can be written as
〈r0µ0, . . . , rNµN ;M1|Qtσ|s0ν0, . . . , sNνN ;M2〉 (52)
=
0 or 1∑
k=N
∑
r′
k
,µ′
k
〈r0µ0, . . . , r′kµ′k, . . . , rNµN ;M1 − σ|s0ν0, . . . , sNνN ;M2〉
where the summation over the projection µ′k of new pair is redundant, and it should be a
constant value µk − σ.
The multipole-multipole interaction is given by
Qt ·Qt =
∑
σ
(−)σQtσ Qt−σ (53)
By using Eq.(41), the matrix elements of the multipole-multipole interaction between like
nucleons is
〈r0µ0, . . . , rNµN ;M |Qt ·Qt|s0ν0, . . . , sNνN ;M〉 (54)
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=
0 or 1∑
k=N
[
〈r0m0, . . . , (rkmk)B, . . . , rNmN ;M |s0ν0, . . . , sNνN ;M〉
+
0 or 1∑
i=k−1
∑
r′im
′
i
r′
k
m′
k
∑
σ
(−)σ〈r0m0, . . . , r′im′i, . . . , r′km′k, . . . , rNmN ;M |s0ν0, . . . , sNνN ;M〉
]
where the summation over the projection µ′k (µ
′
i) of new pair is redundant, and it should be
a constant value µk − σ (µk + σ).
The matrix elements of multipole-multipole interaction between proton-neutron can be
expressed of the product of matrix elements of the multipole operator for protons and
neutrons,
〈Mn,Mp;M |Qt(ν) ·Qt(π)|M ′n,M ′p;M〉 (55)
=
∑
σ
(−)σ〈αp,Mp|Qtσ(π)|α′p,M ′p〉〈αn,Mn|Qt−σ(ν)|α′n,M ′n〉
D. Diagonalization of the Hamiltonian
In this part, a general Hamiltonian are considered, which consist of the single-particle
energy term H0, and a residual interaction containing H(σ = π or ν) for identical particles
and interaction between proton and neutron Hpiν ,
H =
∑
σ=pi,ν
(H0(σ) +H(σ)) +Hpiν, (56)
H0(σ) =
∑
a
ǫa,σnˆa,σ,
where ǫa,σ and nˆa,σ are single-particle energy and the number operator respectively. The
Hamiltonian can be diagonialized either in the non-orthonormal basis |αn,MnαpMp;M〉, or
the orthonormal basis |ξnMn, ξpMp;M〉. For both neutron and proton basis, the orthonor-
mal basis |ξσMσ〉 (σ = π or ν) can be expanded in terms of the non-orthonormal basis
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|ασMσ〉,
|ξσMσ〉 =
∑
ασ
ZMσξσ,ασ |ασMσ〉 (57)
where the coefficients ZMσξσ ,ασ are found in the following way. Suppose that Z¯
Mσ
ξσ is an or-
thonormalized eigenvector of the overlap matrix ΛMσ ,
ΛMσα′,α = 〈α′Mσ|αMσ〉 (58)
corresponding to the eigenvalue λMσ,ξσ . Then
ZMσξσ,ασ = Z¯
Mσ
ξσ,ασ
/
√
λMσ ,ξσ (59)
In the orthonormal basis the eigenvalue equation of the Hamiltonian for a given angular
momentum z-component M can be written by the matrix equation
(HM − EMI)ψM = 0, (60)
where I is the unit matrix and ψM is a column vector. The matrix elements of the matrix
HM are given by
〈ξ′νM ′ν , ξ′piM ′pi;M |H|ξνMν , ξpiMpi;M〉
=
[
δξ′pi ,ξpi〈ξ′νM ′ν |
(
H0(ν) +H(ν)
)|ξνMν〉+ (π ↔ ν)]δM ′ν ,MνδM ′pi,Mpi
+ 〈ξ′νM ′ν , ξ′piM ′pi;M |Hpiν |ξνMν , ξpiMpi;M〉 (61)
Suppose that ψMβ = ψ
M
β (ξνMν , ξpiMpi) is the eigenvector of the matrix H
M corresponding to
the eigenvalue EMβ , β = 1, 2, . . . . Then the eigenfunction of the Hamiltonian with definite
M is
|β,M〉 =
∑
ξνMνξpiMpi
ψMβ (ξνMν , ξpiMpi)|ξνMν , ξpiMpi〉 (62)
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By using Eq.(57), eigenfunction can be expressed in terms of the non-orthonormal basis,
|β,M〉 =
∑
ξνMνξpiMpi
ψMβ (ανξνMν , ανξpiMpi)Z
Mν
ξν ,αν
ZMpiξpi,αpi |ανMν , αpiMpi〉
=
∑
ανMναpiMpi
XMβ (ανMναpiMpi)|ανMν , αpiMpi〉 (63)
IV. NPSM IN M-SCHEME WITH ISOSPIN SYMMETRY
In this section, the NPSM with isospin symmetry in m-scheme is presented. The uncou-
pled commutators, and matrix elements of one-body operators and two body operators are
presented. The odd system and even system are treated on the same foot.
A. Uncoupled commutators for nucleons pairs
We begin by introducing the notation for system with isospin. The creation operator of a
nucleon in a state with total angular momentum j, projection of angular momentum m, the
isospin t and projection of isospin τ is designated as Cjt†mτ . Now we can build non-collective
pair creation operator,
AJT †mτ (ab) = (C
a† × Cb†)JTmτ (64)
=
∑
mamb
τaτb
CJmjama,jbmbC
Tτ
taτa,tbτb
Cjata†maτa × Cjbtb†mbτb
where a represents ja and ta, and C
Jm
jama,jbmb
is the Clebsch-Gordan coefficient. The single
annihilation operator can be introduced as Cjtmτ ≡ (Cjt†mτ )†. The time-reversed form of single
annihilation operator is
C˜jtmτ = (−)j+t−m−τCjt−m−τ (65)
19
The commutator between single nucleon operator in coupled form is given by
(C˜a, Cb†)JTmτ = δJ0δT0δjajbδtatb
√
2jˆa (66)
The non-collective pair annihilation operator is given by AJTmτ (ab) = (A
JT †
mτ (ab))
†, and the
corresponding time-reversed form of pair annihilation operator is designated as,
A˜JTmτ (ab) = (−)J+T−m−τAJT−m−τ (ab) (67)
= −(C˜a × C˜b)JTmτ
The collective pair creation, annihilation and time-reserved form operators are
AJT †mτ =
∑
ab
y(abJT )AJT †mτ (ab) (68)
AJTmτ =
∑
ab
y(abJT )AJTmτ (ab)
A˜JTmτ =
∑
ab
y(abJT )A˜JTmτ (ab)
where y(abJT) is the pair structure coefficients, and has the symmetry as
y(abJT ) = (−)J+T−ja−jby(baJT ) (69)
The collective multipole operator is defined by,
QJTmτ =
∑
ab
q(abJT )QJTmτ (ab) (70)
=
∑
ab
q(abJT )(Ca† × C˜b)JTmτ
The uncoupled commutators for collective pairs can also obtained through coupled com-
mutators. The coupled commutators in the NPSM with isospin symmetry have already been
carried out in Ref.[22]. The uncoupled commutator between two collective pair can be given
by
[Art1µτ1 , A
st2†
ντ2
] = (−)r+t1+µ+τ1
∑
Jm
Tτ
CJmr−µ,sνC
Tτ
t1−τ1,t2τ2 [A
rt1 , Ast2†]JTmτ (71)
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= 2δrsδt1t2δµνδτ1τ2
∑
ab
y(abrt1)y(abst2)
+ 4(−)r+t1+µ+τ1
∑
Jm
Tτ
CJmr−µ,sνC
Tτ
t1−τ1,t2τ2P
JT
mτ
where the summation run over projection m and τ are redundant, since it is a constant value
m = ν − µ and τ = τ2 − τ1, and P JTmτ is a new one-body operator,
P JTmτ =
∑
da
rˆsˆtˆ1tˆ2


1
2
1
2
t1
t2 T
1
2

 ×
∑
b
y(abrt1)y(bdst2)


ja jb r1
s J jd

 (C
d† × C˜a)JTmτ (72)
The uncouple commutator for collective pair and multipole operator is given by,
[Art1µτ1 , Q
lt2
στ2
] (73)
=−
∑
JT
mτ
(−)J+T+r1+t1−σ−τ2CJmr1−µ,lσCTτt1−τ1,t2τ2AJT−m−τ
where AJT−m−τ is a new pair, which is
A
JT
−m−τ =
∑
da
y′(daJT )
(
Cd × Ca)JT−m−τ (74)
y′(daJT ) = z(daJT ) + (−)J+T−ja−jdz(adJT )
z(daJT ) = rˆ1 lˆtˆ1tˆ2


1
2
1
2
t1
t2 T
1
2


∑
b
y(abr1t1)q(bdlt2)


ja jb r1
j J jd


By using Eq.(71) and (73) the uncoupled double commutator can be obtained,[
Aritiµiτi ,
[
Arktkµkτk , A
st†
νη
]]
(75)
=− 4
∑
lm′
t′τ ′
∑
Jm
Tτ
(−)J+T+rk+ri+tk+ti−ν−ηC lm′rk−µk,sνCt
′τ ′
tk−τk,tηC
Jm
ri−µi,lm′C
Tτ
ti−τi,t′τ ′B
JT
−m−τ
where the summation runs over projection m′, τ ′, m and τ is redundant, and BJT−m−τ is a
new pair,
B
JT
−m−τ =
∑
aa′
y′(aa′JT )
(
Ca × Ca′)JT−m−τ (76)
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y′(aa′JT ) = z(aa′JT ) + (−)J+T−ja−ja′z(aa′JT )
z(aa′JT ) = rˆkrˆisˆlˆtˆk tˆitˆtˆ
′


1
2
1
2
tk
t t′
1
2




1
2
1
2
ti
t′ T
1
2


∑
bb′
y(ab′rktk)y(a
′briti)y(b
′bst)
×


ja jb′ rk
s l jb




ja′ jb ri
l J ja


We can also obtain the uncoupled commutators between the single nucleon operator and
multipole operator,
[Cj0t0m0τ0 , Q
j2t2
στ2
] (77)
=(−)j2−σ(−)t2−τ2
∑
Jm
Tτ
CJmj0−m0,j2σC
Tτ
t0−τ0,t2τ2
jˆ2tˆ2
Jˆ Tˆ
q
(
(j0t0)(JT )j2t2
)
CJT−m−τ
Base on Eq.(77), the uncoupled commutator between single nucleon operator and
multipole-multipole interaction operator is given as,
∑
στ2
(−)σ+τ2
[[
Cj0t0m0τ0 , Q
j2t2
στ2
]
, Qj2t2−σ−τ2
]
(78)
=
∑
lt
(−)j0−l(−)t0−t (2j2 + 1)(2t2 + 1)
(2j0 + 1)(2t0 + 1)
q
(
(j0t0)(lt)j2t2
)
q
(
(lt)(j0t0)j2t2
)
Cj0t0m0τ0
The uncoupled double commutator for single nucleon operator can also be obtained,
[[
Cj0t0m0τ0 , A
rktk
mkτk
]
, Astνη
]
(79)
=4
∑
Jm
Tτ
∑
lm′
t′τ ′
(−)l+rk−ν(−)t′+tk−ηC lm′rk−mk,sνCt
′τ ′
tk−τk,tηC
Jm
j0−m0,lm′C
Tτ
t0−τ0,t′τ ′
rˆksˆlˆ
Jˆ
tˆk tˆtˆ
′
Tˆ
×


1
2
1
2
tk
t t′
1
2


∑
b
y
(
(JT )brktk
)
y
(
b(j0t0)st
)


rk s l
j0 J jb

C
JT
−m−τ
where the summation over projection m, m′, τ and τ ′ is redundant.
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B. commutators in M-scheme
In this section, the odd system with 2N +1 nucleons and even system with 2N nucleons
are treated on the same foot. The configuration space of the NPSM are constructed by
collective pairs. And the creation operator with specific total angular momentum projection
M and total isospin projection τ are designed as
A†(r0, . . . , rN)M,τ ≡ A†(r0m0t0τ0, . . . , rNmN t0τ0)M,τ (80)
=Ar0t0†m0τ0 · Ar1t1†m1τ1 . . . ArN tN †mN τN , (81)
M =
N∑
i=0
mi, τ =
N∑
i=0
τi
where the r0 express all quantum number of this pair, and the convention used for the
operator Ar0t0†m0τ0 is given as following,
Ar0t0†m0τ0 =


1 for even system, m0 ≡ 0, τ0 ≡ 0
Cr0†m0 for odd system, r0 ≡ j
(82)
The annihilation operator is designated by
A(r0, . . . , rN)M,τ ≡ A(r0m0t0τ0, . . . , rNmN t0τ0)M,τ (83)
=Ar0t0m0τ0 · Ar1t1m1τ1 . . . ArN tNmN τN , (84)
M =
N∑
i=0
mi, τ =
N∑
i=0
τi
where the convention of Ar0m0 is similar to that of Eq.(80). The time-reversed form of
A(r0, . . . , rN)M,τ is redundant in this model.
Then we can obtain the commutator between the annihilation operatorA(r0, . . . , rN)M,τ
[A(r0, r1, . . . , rN)M,τ , A
st†
νη ] (85)
=
N∑
k=1
[
ϕδrk,sδmk ,νδtk ,tδtk ,ηA(r0, . . . , rk−1, rk+1, . . . , rN)M−ν,τ−η
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+
0 or 1∑
i=k−1
∑
r′im
′
i
∑
t′iτ
′
i
A(r0, . . . , r
′
i, . . . , rk−1, rk+1, . . . , rN )M−ν,τ−η
+
∑
lm′
∑
t′τ ′
P lt
′
m′τ ′ ×A(r0, . . . , rk−1, rk+1, . . . , rN)M−mk,τ−τk
]
where ϕ = 2
∑
ab
y(abrktk)y(abst), summation over i is from k − 1 to 0 or 1 corresponding to
odd system and even system respectively, and r′i is a new collective pair A
r′it
′
i
m′iτ
′
i
(i 6= 0) or a
single nucleon operator C
r′
0
t′
0
m′
0
τ ′
0
(i = 0), and can be obtained from the double commutator by
A
r′it
′
i
m′
i
τ ′
i
=
[
Aritimiτi ,
[
Arktkmkτk , A
st†
νη
]]
(86)
the explicit form of the new pair has been given in Eq.(75) and (79), P lt
′
m′τ ′ has been given
in Eq.(72).
By using Eq.(85), the commutation relation between general pairing interaction and
A(r0, . . . , rN)M,τ is obtained by
[A(r0, . . . , rN )M,τ , A
st† ·Ast] (87)
=
N∑
k=1
[
ϕδrk,sδmk ,mδtk ,tδtk ,ηA(r0, . . . , s, . . . , rN )M,τ
+
0 or 1∑
i=k−1
∑
r′im
′
im
∑
t′iτ
′
iη
A(r0, . . . , r
′
i, . . . , rk−1, s, rk+1, . . . , rN)M,τ
+
∑
lm′m
∑
t′τ ′η
P lt
′
m′τ ′ ×A(r0, . . . , rk−1, s, rk+1, . . . , rN )M−mk+m,τ−τk+η
]
The commutator between one body operator and A(r0, . . . , rN )M,τ is obtained, which is
[A(r0, . . . , rN)M , Q
jt
ση] (88)
=
0 or 1∑
k=N
∑
r′
k
m′
k
∑
t′
k
τ ′
k
A(r0, r1, . . . , r
′
k, . . . , rN)M−σ,τ−η
where summation over k is from N to 0 or 1 corresponding to odd system or even system
respectively. r′k represents a new collective pair A
r′
k
t′
k
m′
k
τ ′
k
(k 6= 0) or a single nucleon operator
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C
r′
0
t′
0
m′
0
τ ′
0
(k = 0),
A
r′
k
t′
k
m′
k
τ ′
k
= [Arktkmkτk , Q
jt
ση] (89)
The explicit form of the new pair has been given in Eq.(73) and (77).
The commutator between the general multipole-multipole operator and A(r0, . . . , rN )M,τ
is obtained by
[A(r0, . . . , rN)M,τ ,
∑
ση
(−)σ+ηQjtσηQjt−σ−η] (90)
=
0 or 1∑
k=N
[
A(r0, r1, . . . , (rk)B, . . . , rN)M
+
0 or 1∑
i=k−1
∑
r′im
′
i
r′
k
m′
k
∑
t′iτ
′
i
t′
k
τ ′
k
∑
ση
(−)σ+ηA(r0, r1, . . . , r′i, . . . , r′k, . . . , rN)M,τ
+
∑
r′
k
m′
k
∑
t′
k
τ ′
k
∑
στ
(−)σ+ηQjt−σ−τ × A(r0, r1, . . . , r′k, . . . , rN )M−σ,τ−η
]
where summation range over k(i) is from N(k−1) to 0 or 1 corresponding to odd system or
even system respectively. r′k(r
′
i) represents a new collective pair (k 6= 0) or a single nucleon
(k = 0),
A
r′
k
t′
k
m′
k
τ ′
k
= [Arktkmkτk , Q
jt
ση]
A
r′it
′
i
m′iτ
′
i
= [Aritimiτi , Q
jt
−σ−η] (91)
The explicit form of the new pair has been given in Eq.(73) and (77). (rk)B denotes a new
collective pair (k 6= 0) or a single nucleon (k = 0), and can be obtained by uncoupled double
commutator,
(
Arktkmkτk
)
B
=
∑
σ
(−)σ
[[
Arm, Q
t
σ
]
, Qt−σ
]
(92)
(
Arktkmkτk
)
B
=
[
Cjm0 ,
[
Arkmk , A
s†
m
]]
The explicit results have been carried out in Eq.(75) and (78).
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C. Matrix elements of overlap and interactions
A N -pair or N -pair plus one single nucleon state in M-scheme is designated as
|α,Mτ > = |r0, r1, . . . , rN ;M, tau〉 (93)
≡ A†(r0, r1, . . . , rN)|0〉
where rk represents a pair with angular momentum rk, angular momentum projection mk,
isospin tk and isospin projection τk, r0 denote 1 in even system or a single nucleon in odd
system, α denotes the additional quantum numbers.
α = (r0m0t0τ0, . . . , rN , mN tNτN ) (94)
It is interesting to note that α is redundant, which contain 4N quantum numbers and have
already been included in the information of total projection M and τ .
The overlap matrix element is a key quantity, since the one and two-body interaction
matrix elements can be expressed as summation of the overlaps. From Eq.(85), the overlap
can be obtained by
〈0|AMlτlA†Mrτr |0〉 = 〈r0, . . . , rN ;Mlτl|s0, . . . , sN ;Mrτr〉 (95)
≡〈r0µ0t0τ0, . . . , rNµN tNτN ;Mlτl|s0ν0h0η0, . . . , sNνNh0η0;Mrτr〉
=
N∑
k=1
[
2
∑
ab
y(abrktk)y(absNhN )δrk,sNδµk ,νNδtk,hN δτk,ηN
× 〈r0 . . . rk−1, rk+1 . . . rN ;Ml − νN , τl − ηN |s0 . . . sN−1;Mr − νN , τr − ηN〉
+
0 or 1∑
i=k−1
∑
r′iµ
′
i
∑
t′iτ
′
i
× 〈r0 . . . r′i . . . rk−1, rk+1 . . . rN ;M1 − νN , τl − ηN |s0 . . . sN−1;Mr − νN , τr − ηN〉
]
where rk and sk denote the angular moment of the k-th pair, and µk and νk denote its
projection of angular moment, tk and hk represent the isospin, and τk and ηk stand for its
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projection. Although the overlap matrix elements formula in M-scheme is still written in a
recursive way, it does not need to recouple the angular momentum and isospin. It is easy to
show the total angular momentum projectionMl should be equal toMr, and total projection
of isospin τl should be equal to τr. Notice that the summation over the projections of the
new pair, µ′i and τ
′
i , are redundant, which should be a constant value µi + µk − νN and
τi + τk − ηN , respectively, since projection is a scalar. The overlap for one pair is given by
using Eq.(95), which is
〈r1|s1〉 = 2δr1,s1δµ1,ν1δt1,h1δτ1,η1
∑
ab
y(abr1t1)y(abs1h1) (96)
Since there is only one pair, the overlap formula is equivalent to the formulae for the case
of N = 1 in J-scheme. The overlap for the one pair plus one single nucleon is given as
following,
〈r0, r1;Mτ |s0, s1;Mτ〉 (97)
=2δr1,s1δµ1,ν1δt1,h1δτ1,η1
∑
ab
y(abr1t1)y(abs1h1)
+ 4
∑
lm
t′τ ′
(−)l+r1−ν1(−)t′+t1−η1C lmr1−µ1,s1ν1Ct
′τ ′
t1−τ1,h1η1C
s0−ν0
r0−µ0,lmC
h0−η0
t0−τ0,t′τ ′
rˆ1sˆ1 lˆ
sˆ0
tˆ1hˆ1tˆ
′
hˆ0
×


1
2
1
2
t1
h1 t
′ 1
2


∑
b
y
(
(s0h0)br1t1
)
y
(
b(r0t0)s1h1
)


r1 s1 l
r0 s0 jb


where r0(s0) denotes the single nucleon.
It is easy to show that the matrix elements of a pair creation operator As†ν between two
states differing by one pair is equal to an overlap,
〈r0, r1, . . . , rN |Ash†νη |s0, s1, . . . , sN−1〉 (98)
=〈r0, r1, . . . , rNµN |s0, s1, . . . , sN−1, s〉
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Using Eq.(87), we can have the matrix elements of pairing interaction,
〈r0, r1, . . . rN ;Mτ |Ast† · Ast|s0, s1, . . . , sN ;Mτ〉 (99)
=
N∑
k=1
[
ϕδrk,sδµk ,mδtk ,tδτk ,η〈r0 . . . s . . . rN ;Mτ |s0 . . . sN ;Mτ〉
+
0 or 1∑
i=k−1
∑
r′iµ
′
im
∑
t′iτ
′
iη
〈r0 . . . r′i . . . s . . . rN ;Mτ |s0 . . . sN ;Mτ〉
]
where the summation over the projection m and η in the second term standing for the
projection of pairing interacting Gst
∑
mη
Ast†mηA
st
mη, and the summation over the projection µ
′
i
and τ ′i of new pair is redundant, which should be constant values µi+µk−m and τi+ τk−η,
respectively.
By using Eq.(88), for the one-body operator matrix element we have
〈r0 . . . rN ;M1τ1|Qjtση|s0 . . . sN ;M2τ2〉 (100)
=
0 or 1∑
k=N
∑
r′
k
,µ′
k
∑
t′
k
,τ ′
k
〈r0 . . . r′k . . . rN ;M1 − σ, τ1 − η|s0 . . . sN ;M2〉
where the summation over the projection µ′k and τ
′
k of new pair is redundant, which should
be a constant value µk − σ and τk − η, respectively.
By using Eq.(90), we can obtain the matrix elements of the multipole-multipole interac-
tion between like nucleons,
〈r0 . . . , rN ;Mτ |Qjt ·Qjt|s0 . . . sN ;Mτ〉 (101)
=
0 or 1∑
k=N
[
〈r0 . . . (rk)B . . . rN ;Mτ |s0 . . . sN ;Mτ〉
+
0 or 1∑
i=k−1
∑
r′im
′
i
r′
k
m′
k
∑
t′iτ
′
i
t′
k
τ ′
k
∑
ση
(−)σ+η〈r0 . . . r′i . . . r′k . . . rN ;Mτ |s0 . . . sN ;Mτ〉
]
where the summation over the projection µ′k (µ
′
i) and τ
′
k (τ
′
i) of the new pair is redundant,
since it should be a constant values µk − σ (µk + σ) and τk − η (τk + η), respectively.
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D. Diagonalization of the Hamiltonian
In this part, a general Hamiltonian are considered, which consist of the single-particle
energy term H0, and a residual interaction V ,
H = H0 + V (102)
V = −1
4
∑
J,T=0,1
∑
a,b,c,d
[Nab(JT )Ncd(JT )]
−1Jˆ Tˆ 〈ab; JT |V |cd; JT 〉
×
[
[C†aC
†
b ]
TJ [C˜cC˜d]
TJ
]00
Nab(JT ) =
√
1− δab(−)J+T
1 + δab
where 〈ab; JT |V |cd; JT 〉 are two-body matrix elements. The Hamiltonian can be diagonial-
ized either in the non-orthonormal basis |α, τ,M〉, or the orthonormal basis |ξ, τ,M〉. The
orthonormal basis |ξ, τ,M〉 can be expanded in terms of the non-orthonormal basis |α, τ,M〉,
|ξ, τ,M〉 =
∑
α
Z
(τM)
ξ,α |α, τ,M〉 (103)
where the coefficients Z
(τM)
ξ,α are found in the following way. Suppose that Z¯
(τM)
ξ is an
orthonormalized eigenvector of the overlap matrix Λ(τM),
Λ
(τM)
α′,α = 〈α′, τ,M |α, τ,M〉 (104)
corresponding to the eigenvalue λτM,ξ. Then
Z
(τM)
ξ,α = Z¯
(τM)
ξ,α /
√
λτM,ξ (105)
In the orthonormal basis the eigenvalue equation of the Hamiltonian for a given angular mo-
mentum z-component M and isospin z-component τ can be written by the matrix equation
(H(τM) − E(τM)I)ψ(τM) = 0, (106)
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where I is the unit matrix and ψ(τM) is a column vector. The matrix elements of the matrix
H(τM) are given by
〈ξ′, τ,M |H|ξ, τ,M〉 = 〈ξ′, τ,M |(H0 + V )|ξ, τ,M〉 (107)
Suppose that ψ
(τM)
β = ψ
(τM)
β (ξ, τ,M) is the eigenvector of the matrix H
(τM) corresponding
to the eigenvalue EτMβ , β = 1, 2, . . . . Then the eigenfunction of the Hamiltonian with
definite τ and M is
|β, τ,M〉 =
∑
ξ
ψ
(τM)
β (ξ, τ,M)|ξ, τ,M〉 (108)
By using Eq.(103), eigenfunction can be expressed in terms of the non-orthonormal basis,
|β, τ,M〉 =
∑
ξ,α
ψ
(τM)
β (ξ, τ,M)Z
(τM)
ξ,α |α, τ,M〉 (109)
V. DISCUSSION AND SUMMARY
The NPSM is casted in the M-scheme for both even and odd systems under the assump-
tions that all nucleon pairs are collective and for given angular momentum r there is only
one collective pair A†r. The cases with isospin symmetry and without isospin symmetry are
all discussed. If there are more than one type of collective pairs with given angular momen-
tum s, we only need to introduce an additional label to distinguish them. The NPSM in
M-scheme can also be easily extended to include the non-collective pairs.
It is known that all the matrix elements in the NPSM in J-scheme can be expressed as the
summation of overlaps between two N -pair basis. The formulas to calculate the overlaps
have to sum over all the intermediate angular momentum quantum numbers Ji and the
quantum numbers of the new pairs. Therefore, the cpu time used in calculating the overlaps
increases drastically with the number of nucleon pairs.
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FIG. 1: The average cpu time used in computing one overlap matrix element against the number
of pairs are presented. The overlap in J-scheme are calculated in the subspace with total angular
momentum J = 0 and J = 2. The overlap in M-scheme is for the states with M = 0.
From our previous discussion, it is known that the formula in calculating matrix elements
in M-scheme do not contain the summation of the intermediate quantum number, it is
interesting to see the validity of the NPSM in M-scheme. To this end the average cpu
time used in computing the overlap versus number of pairs is presented in Fig.1, in which
the average cpu times of 16 overlaps between the basis constructed by identical D(J = 2)
collective pairs are presented. As example, only the results for the systems without isospin
symmetry are presented here. Since the cpu time is too small to be obtained for the systems
with the number of the collective pairs smaller than 4, we set them all to be equal to
10−2 second per matrix element. And for the system with N = 7, the average cpu time
in calculating the overlap in J-scheme is too time-consuming to be obtained, its cpu time
is estimated through the recursive formula of the overlap and the average cpu time of the
overlap for the system with N = 6. Fig.1 shows that the average cpu time of overlap matrix
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element in M-scheme is indeed much smaller that those in J-scheme. For example, the
average cpu time for the system with N = 6 is about 102 seconds in the M-scheme, while it
is about 105 seconds in the J-scheme.
J-scheme M-scheme
J Number of states M Number of states M Number of states
10 1 10 1 -10 1
8 2 9 1 -9 1
7 1 8 3 -8 3
6 4 7 4 -7 4
5 2 6 8 -6 8
4 6 5 10 -5 10
3 2 4 16 -4 16
2 7 3 18 -3 18
0 5 2 25 -2 25
1 25 -1 25
0 30
TABLE I: Number of states for 5 collective pairs in SD subspace. The left column is for the case
in J-scheme, while the right one is for the case in M-scheme.
To see the difference of the configuration space between M-scheme and J-scheme, the
number of states for the system with N = 5 collective S(J = 0) and D(J = 2) pairs are
presented in Table.I. It can be seen that the number of the states in J-scheme is much smaller
than those in the M-scheme.
As a simple example, the pairing plus quadrupole-quadrupole interaction is employed to
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FIG. 2: The low-lying spectrum of 150Nd. The experimental data are obtained from Ref.[29].
describe the low-lying spectrum of 150Nd in SD-pair subspace.
Hˆ =
∑
σ=pi,ν
Hˆσ − κQ2pi ·Q2ν (110)
Hˆσ = H0σ −G0σA(0)†A(0) −G2σA(2)†A(2)† − κσQ2Q2
H0σ =
∑
a
ǫaC
†
aCa
A(0)† =
∑
a
aˆ
2
(C†a × C†a)0
A(2)† =
∑
ab
q(ab2)(C†a × C†b )2
where H0σ is the single particle energy term, and G0, G2, κ are the monopole pairing, the
quadrupole pairing and the quadrupole-quadrupole interaction strength, respectively. And
the exactly form of q(ab2) have been given in Eq.(3). As an approximation, in this test the
S-pair structure coefficient is chosen to be y(aa0) = jˆa
νa
µa
, where νa and µa are occupied
and empty amplitude obtained by solving the BCS equation, while the D-pair structure
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coefficients are obtained from the commutator,
A2† = D† =
1
2
[Q2, S†] (111)
The calculations are carried out in the model space spanned by 1f7/2, 0h9/2, 1f5/2, 2p3/2,
2p1/2, 0i13/2 orbitals for neutrons and 0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2 orbitals for protons,
taken above the closed core 132Sn. The single-particle energies are adopted as 133Sn and
133Sb experimental data[29–31].
By the best fit to the experimental level energies in collective SD-pair subspace, the
model parameters with G0pi = 0.14 MeV , G2pi = 0.07 MeV/r
4
0, G0ν = 0.12 MeV , G2ν =
0.04MeV/r40, κpi = κν=0 and κ = 0.17MeV/r
4
0 are obtained. As shown in the Fig.2, the low-
lying spectum of 150Nd are reproduced by NPSM. Effective charges of E2 transition operator
are chosen as epi =2.3e for protons and eν = 1.5e for neutrons. Some B(E2) transition are
listed in Table.II
TABLE II: B(E2) calues for 150Nd.
B(E2;Ji → Jf (eb)2
Ji → Jf B(E2)expta B(E2)NPSMb B(E2)sdg−IBMc
2+1 → 0+1 0.563 ± 0.002 0.573 0.560
4+1 → 2+1 0.819 ± 0.038 0.804 0.810
6+1 → 4+1 0.980 ± 0.09 0.844 0.883
0+2 → 2+1 0.208 ± 0.009 0.016 0.071
2+3 → 4+1 0.095 ± 0.028 0.0 0.033
2+2 → 2+1 0.034 ± 0.007 0.001 0.073
2+2 → 0+1 0.015 ± 0.0009 0.0 0.012
a Reference [29, 32]. b Present calculation. c Reference [33].
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From above analysis, one can see that although the number of the states in M-scheme is
larger than those in the J-scheme, the cpu time is much smaller in M-scheme than those in
J-scheme. And it is challenge to use the M-scheme to study the nuclei with more valance
nucleons.
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